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Introduction. Extreme states are the turning points of evolution.
Biological systems are complicated. This statement is used for all sorts of purposes.

Mathematicians use it to justify modest successes of most modeling attempts, and biologists
- as a defense against help and advice that is uncalled for. It might be useful to clarify this
undoubtedly correct statement.

Are biological systems always complicated?
This question creates a great deal of controversy among mathematicians and biologists.

Interestingly, there are people among both mathematicians and biologists that give a neg-
ative (as well as positive) answer to this question - the division lies not along the lines
of profession but of methodology. But even those who agree that biological systems are
not always complicated are divided into two opposing groups. Some believe that simple
biological systems are on the verge of death and therefore are atypical and useless for the
purposes of understanding of living, functioning systems.

Some agree that only pathological states can be simple; however, they believe that the key
to understanding the norm lies through the study of extremes. It is clear that the author
is of the opinion of the second group. A simple but educational example will clarify his
position momentarily. It is known that in embryogenesis there exists a stage of “morules”,
at which all the “inner” cells die and dissolve, as they are solely a substrate for the “outer”,
surface cells that give rise to the diversity of tissues of the future organism. It is solely an
illustration but it suggests that extreme, nearly detrimental conditions are necessary for
the organism to function normally, and should at very least be looked at very closely.

Let us recall that individual development repeats (although in a simplified and modified
manner) development of the species, its evolution. Obviously, such catastrophic situa-
tions have played an important role in evolution. Perhaps they were the point of choice,
branching, divergence of previously similar, congruous paths of development. It would be
interesting to try and tie together the mathematical notion of “bifurcation point” with
biological, evolutionary notion of divergence, and to try and give some sort of clear and
simple interpretation to these evolutionary notions in terms of mathematical modeling.

When studying a biological system, it is important to take into account its three main
characteristics: 1) high inner motility, 2) their noticeable nonlinearity, and 3) multiple
factors that are present in the surrounding environment. This makes any attempts at
deductive, axiomatic construction of any kind of theory very unlikely. In this paper we
discuss an alternative - a phenomenological approach to the theory of evolution, based
on considerable similarities between the notions of the non-linear oscillation theory and
functional ideas of the theory of evolution.
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In the critical moments of evolutions the structural complexity of the biological systems
is not of primary importance. What becomes important are simple kinetic properties that
can be described in mathematical terms.

Unhandiness of multi-dimensional systems.
The development of chemistry - “theory of molecules” went practically in parallel with

the development of quantum mechanics - the “theory of atoms”. This fact makes the
contrast between the depth and completeness of non-relativist quantum mechanics and
the dispersed non-general results of quantum chemistry. As it turned out, even deep
understanding of the structure of an atom does not automatically yield to understanding
of the properties of molecules (just as deep results in molecular biology do not replace the
need for independent study of cell structures and organelles).

Moreover, it turned out that many important properties of the molecules do not depend
on the details of the structure of atoms. In some cases it turned out that basing the work
on a rough (but simpler) classical model of an atom was as good, as basing it on a more
complicated quantum model.

One can think that this might be one of the numerous and unexpected instances of
the law of large numbers. The number of electrons turns out to be quite large even for
small molecules, let alone their various paired interactions. This leads to two important
conclusions.

Firstly, at some point further clarification of the properties of the small component (in
this case of the atom) becomes useless for the purposes of understanding the structure and
behavior of the entire system (in this case of a molecule).

Secondly, description of structure and behavior of the system based on the analysis of
exact equations that determine the dynamics of its components becomes impossible.

Let us consider the benzole molecule. Undoubtedly, Shrödinger’s equation, if it were
possible to solve it and integrate it numerically, would have given the structure and the
details of the temporal behavior of the benzole molecule. But the catch is in this “if”.
Benzole molecule contains 24 valence electrons. Therefore, Schröoedinger’s equation needs
to be written in 72-dimensional space (72 = 24 x 3), even if we disregard the movement of
atoms. This leads to a difference scheme that contains 1027 points. At n = 109 operations
per second, one would need 1072−9 = 1063sec = 1055 years to calculate the solution for one
time step. It is clear that this level of difficulty makes this approach practically impossible.

Sensitivity to the change of parameters.
A large number of independent variables - “the curse of dimensionality” - has another

mathematical aspect. Formally, there exists a theorem that guarantees continuity of the
solution with respect to the change of parameters of the system. However, this continuity
turns out to be quite exotic in nature when we start dealing with very high dimensions.

Consider the following linear system:
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(1)

dx1
dt = �1x1 + a2x2,

dx2
dt = �2x2 + a3x3,

dxn−1

dt = �n−1xn−1 + anxn,

dxn
dt = �1x1 + �nxn.

If � = 0, then the system becomes triangular, and its eigenvalues can be read off of the
diagonal. Therefore, if all �i are negative,

(2) �i < −p < 0,

the equilibrium is stable. The theorem about continuous dependence on parameters guar-
antees that this stability will be preserved for sufficiently small �.

However, let’s take a closer look at the real numbers. It is not difficult to write down
the general form for the equation 1:

(3) (�− �1)(�− �2), ..., (�− �n) + (−1)n−1a1a2a3...an� = 0.

As �→ 0, eigenvalues �i(�) tend to �i, as they are supposed to according to the general
theory. Let’s - just for orientation purposes - consider a special case, when all �i are equal

(4) �i = −p
and all ai are equal

(5) ai = a.

In this case equation 3 can be solved. (Suffice to make sure that the unperturbed system
have an n-tuple root):

(6) � = −p+ re
2k+n−1

n
�i

Therefore, all eigenvalues are located on a circle, whose center is at the point � = −p
(see Fig. 1). The radius of this circle depends on �:

(7) r = a�
1
n

and, according to the theorem, it tends to zero as �→ 0.
However, the dependence of r on � is of great importance, even of n is not too large (see

fig. 2). For example, already at n = 20,p = 1, a = 2, a change in � in the fifth digit suffices
to cause loss of stability in the system.
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With regards to this it is important to note that in many American papers (especially
the ones that are in the area of simulation modeling) the authors very light-heartedly talk
about systems that have tens and even hundreds of variables.

Effects of nonlinearity.
High level of nonlinearity in biological systems leads to abrupt changes even with slight

changes in parameter values. In [] the authors look at the mathematical properties of the
simplest model [] of glycolysis:

(8)
x = �− xy2,

y = xy − y.

Here x and y are concentrations of certain compounds, and parameter � describes the
rate of substrate inflow into the system. It turns out that very slight changes in the value
of the parameter � lead to substantial and dramatic changes in the behavior of the system.
Let’s qualitatively describe the dynamics of system 8.

When there is “enough food”, i.e. at � >= 1 the system works in a stationary regime
and turns substrate to product at the constant rate alpℎa.

At � = 1, a stable limit cycle appears in the system, the substrate is still fully turned to
product, however at constant inflow the outflow starts to vary, and it does so in a cyclical
manner. For part of the time the system accumulates the substrate, and the other part of
the time it uses to make product.

As the inflow decreases, the system becomes more and more “feverish”, the “empty”
periods of substrate accumulation become longer, and the “productive” periods become
shorter and shorter.

Finally, at a certain critical value of � = �critical, the outflow tends monotonically to
zero, and the system keeps accumulating now useless substrate.

To a certain extent the described dynamics can be observed in any flowing system.
However, in this particular system they are illustrated particularly vividly. Suffice to say
that all these events happen with the change of the parameter � of less than twenty percent!
(see fig. 3)

Biological and non-biological systems.
Obviously, these properties are not characteristic only of the biological systems. Similar

phenomena can be and are observed during evolution and development of other biological
systems. Examples of such systems are: evolution of stars and the appearance of a plane-
tary system; geological processes on the Earth in general and the fate of a particular river
basin; the history of appearance, perfection and then disappearance of steam trains as a
means of transportation, and even (with certain specifications) certain social phenomena.

However, there exists a significant difference between biological and non-biological sys-
tems. Of course, for every particular property one can find a non-biological system that
has this property, and can even study this property, isolated, in this particular system. But
biological systems have the full range of all sorts of complicated and unusual peculiarities,
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and so the opposite problem of trying to find a system that would not have this property
or behavior type in question is what poses a challenge.

Stationary regimes. Lyapunov stability. Poincaré Theorem.
One of the main realizations that biological modeling have inherited from the develop-

ments in physical sciences is the understanding of the significance of stationary regimes.
Lyapunov’s stability theory was initially developed for excruciatingly detailed study of a
relatively specific problem - stability of pear-shaped form of rotations of liquid substances.
However, now it is clear that the algorithm for investigation of stability that was created by
Lyapunov is applicable and important in a wider spectrum of applications. If the behavior
of the system is described y a system of ordinary differential equations

Then the steady states are defined by the following system of equations:
If the behavior of the system is given by the following system of ODEs:

(9) dxi
dt = fi(x1, ..., xn;�1, ..., �k)

then its steady state is given by the following system of equations:

(10)

f1(x1, ..., xn; �⃗) = 0,

f2(x1, ..., xn; �⃗) = 0,

fn(x1, ..., xn; �⃗) = 0,

If

(11) x1 = a1, ..., xn = an

is a solution of the system 10, then in order to determine stability of the solution one needs
to construct the matrix

(12) A = ((Aik)) = (( ∂fi∂xk
))xi=ai ,

and then the question of the stability of the steady state 11 is solved through computation
of the roots of the characteristic equation

(13) P (�) = def((Aik − ��ik)) = 0.

The roots of the characteristic equation turn out to depend on the parameters

(14) � = �(�1, ..., �k)

since both the coordinates of the stationary point



6 A.M. MOLCHANOV

(15)

a1 = a1(�1, ..., �k),

a2 = a2(�1, ..., �k),

an = an(�1, ..., �k),

and the coefficients of the matrix A are the functions of the parameters of the system.
The kinetics of the system in the vicinity of the stationary point are fully defined by

the eigenvalues �1, ..., �n. Poincaré theorem elucidates the deep meaning of this statement.
This theorem states that any linear diagonal system. It states that

(16)

dy1
dt = �1y1,

dy2
dt = �2y2,

...

dyn
dt = �nyn,

is the canonical form of an arbitrary non-linear system. There exists a change of variables

(17)

x1 = P1(y1, ..., yn),

x2 = P2(y1, ..., yn),

...
xn = Pn(y1, ..., yn),

such that an arbitrary system (9) can be transformed to the normal, canonical, linear form
(16).

It is important to make a note of two points.
Firstly, the theorem is true only if all the eigenvalues fully lie in the half-plane of the

complex variable � (the problem of small denominators). This condition is automatically
satisfied for the stable stationary points, when

(18) Re�i < 0
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and consequently all the eigenvalues lie in the left half plane. Secondly, the change of
variables 17 is defined only in some sufficiently small region around the stationary point
(which does not contain any other stationary point or a limit cycle).

Structural stability.
Lyapunov stability implies small change in trajectory in response to a small change in

the initial values. However, in many problems, especially biological, it is important to
understand the change of the trajectory in response to small changes not to the inner state
of the system but to the outside environment. Mathematically this corresponds to the
change of the parameters of the system �1, ..., �k and not the phase variables x1, ..., xn. It
turns out that these two types of stability are interconnected.

Let’s give a more precise description of this connection.
Suppose that the parameters are given and the system is at the stationary point a,

which corresponds to the point � in the parameter space. Let’s change the value of the
parameters, moving them to point �. The equilibrium is shifted, since a different point,
point b, corresponds to the state �, and it is different from the point a. Therefore, we
can observe a process of transition to point b (see pic.4). If in the state � the system was
Lyapunov stable (asymptotically stable, to be more precise) and the shift �→ � was chosen
to be small, then the system will remain asymptotically stable in the point � as well. This
is a direct consequence of the continuous dependence of the eigenvalues � on the system
parameters. The structural shift �→ � can also be interpreted in a different way. We can
assume that the system was already in state � but we changed the initial conditions by
placing the system in point a. The equivalence of the structural change �→ � to the phase
shift a→ b (reverse order!) allows us to apply methods of Lyapunov stability theory to this
situation. In particular, it is possible to estimate (given that the shift �→ � is sufficiently
small) the time it will take to restore equilibrium, i.e. the length of the transition process.

Formally, of course, this time is infinite but as it is always done in such cases, time is
estimated by the time necessary to decrease the deviation by l times. (?) It is not difficult
to show that the time necessary for relaxation is determined by the smallest value of p of
the real numbers pi = Re�i of the system in point �. So, the time of relaxation can be
found using the formula

(19) T�→� = − 1
p(�) .

The negative sign in this formula is f course to indicate the negative sign of all the pi in
the stable equilibrium point. For the future, it might be useful to write down the relation
of the time of relaxation for forward and backward processes:

(20)
T�→�
T�→�

= p(�)
p(�) .

Dynamical asymmetry.
Important consequences about the nature of transition mechanisms for nearly critical

states follow from formula 20.Let’s consider a parameter space dissected by some plane.
This is done solely for illustration purposes. The conclusions are not tied to the dimension-
ality of parameter space of the number of phase variables. The point is that we are looking
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at the area around the neutrality hypersurface - the surface, which, once crossed, leads to
the loss of stability of the steady state. On the surface itself the root can either turn to
zero or become completely imaginary (this is where the notion of “neutrality line” comes
from, and the word “line” (instead of “surface”) in this context reflects the tradition of
staying on 2-dimensional structural space). The lines of the level Re� = constant on this
graph connect states that have the same relaxation time, necessary to return to the state
of equilibrium. This time increases, as we get closer to the “neutrality line” and becomes
infinity on the line itself (see pic. 6)

This leads to an important conclusion. In the vicinity of the “neutrality line” the system
becomes acutely asymmetrical. Approaching the neutrality line initiates a long transition
process, while moving away from it accelerates the establishment of equilibrium. It is easy
to understand through inspection of formula 20, which shows that the relationship between
the times of forward and backward transitions can be quite significant.

Interestingly, this was discovered experimentally during the launch of rectificative (frac-
tionating) waves. However, the authors took this fact to be a peculiarity of the technical
process, so the actual reason for this phenomenon seems to have escaped them.

The effect was reproduced in the mathematical model of the recitificative column and
initiated an extensive investigation for the intrinsic kinetic reason that would not depend
on the details of each particular system.

And the main reason turned out to be the stability reserve, the proximity of the regime
to extreme, unstable states.

Evolutionary role of extreme regimes.
Tightening of the system into extreme states can be followed in any evolutionary system.

Interestingly, technical systems demonstrate striking similarities to biological systems in
this aspect as well. Let’s look at one example. The developments in aviation were for the
longest time motivated by striving for the highest speed. Increase in take-off, and especially
in landing speed lead to the appearance f what became known as the “shimmy” effect. This
effect is particularly interesting because the abstract notion of the “degree of freedom”, so
crucial for the notion of stability, was easily visualized as a wheel that started to sway as
the landing speeds increased. In other cases it is not nearly as easy to identify the “weak
degree of freedom” that was first in line to be acted on by evolution. Interestingly, evolution
in the world of technical devices reveals similar patterns of “struggle for existence” and
“survival of the fittest”.

[Translated by I. Kareva (ikareva@asu.edu)]


